Abstract. For two discrete metric spaces, X and Y we consider metrics on X ⊔ Y compatible with the metrics on X and Y . As morphisms from X to Y we consider the Roe bimodules, i.e. the norm closures of bounded finite propagation operators from l 2 (X) to l 2 (Y ). We study the corresponding category M, which is also a 2-category. We show that almost isometries determine morphisms in M. We also consider the case Y = X, when there is a richer algebraic structure on the set of morphisms of M: it is a partially ordered semigroup with the neutral element, with involution, and with a lot of idempotents. We also give a condition when a morphism is a C * -algebra.
Introduction
Let X = (X, d X ) be a discrete countable metric space, and let H X = l 2 (X) be the Hilbert space of square-summable functions on X, with the standard basis consisting of delta-functions δ x , x ∈ X. A bounded operator T on H X with the matrix (T xy ) x,y∈X has propagation less than L if d x (x, y) ≥ L implies that T xy = 0. The * -algebra of all bounded operators of finite propagation is denoted by C u [X], and its norm completion in B(H X ) is the uniform Roe algebra C * u (X). Our standard references are [1] for metric space theory, and [5] for Roe algebras.
Let the objects of a category M be all discrete countable metric spaces. Let (X, We call such bimodules uniform Roe bimodules and use them as morphisms in the category M. Our aim is to study this category. It is clearly a 2-category [2] , though with too few 2-morphisms. We show that almost isometries determine morphisms in M. We also consider the case Y = X, when there is a richer algebraic structure on the set of morphisms of M: it is a partially ordered semigroup with the neutral element, with involution, and with a lot of idempotents. We also give a condition when a morphism is a C * -algebra.
1. Morphisms in M Lemma 1.1. With respect to the natural action of the uniform Roe algebras by composition,
propagation with respect to d. As the inner C * u (X)-valued (resp., C * u (Y )-valued) product is given by T, S = T * • S (resp. T, S = T • S * ), it remains to check that T * • S and T • S * are of finite propagation in B(H X ) and B(H Y ) respectively, which is trivially true.
We shall call these bimodules uniform Roe bimodules. Let morphisms in the category M be all uniform Roe bimodules, i.e. all
Proof. Any finite rank operator obviously belongs to
and that for any L > 0 there exist infinitely many points x n ∈ X and infinitely many points
Note that different metrics in D(X, Y ) can give the same uniform Roe bimodule. Recall that X is uniformly discrete if inf x =x ′ d(x, x ′ ) > 0, and X is proper if each ball is compact, i.e. consists of a finite number of points. Recall that two metrics, d, d
′ are coarsely equivalent (we write d ∼ c d ′ ) if there exists a monotonely increasing function f such that
Consider the following conditions:
Then (i) implies (ii). If, additionally, X and Y are uniformly discrete and proper then (ii) implies (i).
Proof. Let (i) hold, and let T ∈ M d (X, Y ) be of propagation less than L with respect to
′ , we obtain that (ii) holds. Now assume that X and Y are uniformly discrete and proper, and that
The latter means that there exists some R > 0 such that the set {d
Hence there are sequences {x n } n∈N ⊂ X and {y n } n∈N ⊂ Y such that d(x n , y n ) < R and d ′ (x n , y n ) > n. We claim that by passing to a subsequence, we may assume that all x n and all y n , n ∈ N, are different. Indeed, assume that there exists n such that d(x n , y m ) < R and d ′ (x n , y m ) > m for infinitely many m. Then, by the triangle inequality, d Y (y n , y m ) < 2R for infinitely many m -a contradiction.
Assuming that all x n and all y n , n ∈ N, are different, set T = n∈N e xn,yn , where e xy denotes the elementary matrix (the rank one operator taking δ x ∈ H X to δ y ∈ H Y ). This sum is weakly convergent, so T is well defined. Obviously, T has finite propagation with respect to d, but its distance from finite propagation operators with respect to d ′ equals 1.
Composition of morphisms
In order to define the composition of morphisms we need the following lemma.
Proof. Due to symmetry, we have to check the triangle inequality for x, x ′ ∈ X and z ∈ Z. Fix ε > 0 and let y, y
Taking ε arbitrarily small, we obtain the triangle inequality, hence d ∈ D(X, Z).
We shall denote this metric by
Proof. Let T and S have propagation less than R.
is greater than R, therefore, for any y ∈ Y , either S yz or T xy is zero, where S yz denotes the matrix entries of S, hence y∈Y S zy T yx = 0, so S • T has propagation less than 2R.
Thus, the composition c(T, S) = S • T defines a linear map
which gives rize to the inclusion
Recall that a discrete metric space X has bounded geometry if for any R > 0 the number |B R (x)| of points in a ball B R (x) of radius R centered at x ∈ X is uniformly bounded with respect to x ∈ X.
is closed, it suffices to show that it contains all operators of finite propagation. Let T ∈ M d (X, Z). Note that the condition of bounded geometry of X and of Z means that T has the matrix with a bounded number of non-zero entries in each row and in each column, hence it can be written as a finite sum of width 1 band operators: T = N k=1 T k , where each T k has the form x∈X λ x e x,σ(x) , where λ x ∈ C and σ : X → Z is an injective map. Let us show that each T k can be written as
Bounded geometry of Y implies that R and S are bounded operators, as the number of points in the sets f −1 (y) is uniformly bounded. It is also easy to see that both R and S have finite propagation. and that T k = S • R. Proof. Let x ∈ X, y ∈ Y . On the one hand, taking x ′ = x, y ′ = y, we get
On the other hand, passing to infimum in the triangle inequality, we get
For given X and Y , and for two uniform Roe bimodules
as a bimodule homomorphism. In fact, there are very few of them, but anyway, we get a 2-category.
Almost isometries as morphisms
′ ∈ X. An almost isometry f : X → Y is an almost isometric isomorphism if there exists an almost isometry Y → X and C > 0 such that d(g • f (x), x) < C and d(f • g(y), y) < C for all x ∈ X, y ∈ Y .
Let A ⊂ X. An almost isometry f : A → Y is called a partial almost isometry from X to Y with support A.
Note that any isometry is an almost isometry, but quasi-isometries are usually not almost isometries. An example of an almost isometry for X = Y = Γ, where Γ is a finitely generated group with the word-length metric, is provided by conjugation by a fixed element g ∈ Γ.
The following example shows that there are invertible almost isometries that are not close to any genuine isometry. Let X ⊂ Z, X = ∪ n∈Z x n , where x n = −2n for n ≤ 0 and x 2n = 4n, x 2n−1 = 4n − 3 for n > 0. Let Y = X. It is clear that the only isometry of X is the identity map. But the map f : X → X given by f (x n ) = x −n , n ∈ Z, is an almost isometry. Note that for non-discrete spaces the problem of existence of almost isometries far from genuine isometries (AI-rigidity) is more difficult, cf. [3] . Lemma 3.2. Let A ⊂ X, f : A → Y be an almost isometry, and let C satisfy (1) . For
Then d is a metric on X ⊔ Y , i.e. satisfies the triangle inequality.
Proof. First, let x 1 , x 2 ∈ X, y ∈ Y . Fix ε > 0, and letx 1 ,x 2 ∈ A satisfy
(here the first inequality is the triangle inequality for d X , the second inequality follows from almost isometricity of f , the third inequality is the triangle inequality for d Y , and the last inequality follows from our choice of the pointsx 1 andx 2 ). As ε is arbitrary, this implies that
(the infimum here is estimated by settingx =x 2 , which gives the first inequality, the second inequality is the triangle inequality for d X , and the last inequality follows from our choice of the pointx 2 ), hence d(
(the first inequality is the triangle inequality for d Y , the second inequality follows from almost isometricity of f , the third inequality is the triangle inequality for d X , and the last inequality follows from our choice of the pointsx 1 andx 2 ). This implies that
(the infimum is majorized by evaluation atx =x 2 , hence the first inequality, the second inequality is the triangle inequality for d Y , and the last inequality follows from our choice of the pointx 2 ), hence
Given a partial almost isometry f : X → Y , we denote the metric on X ⊔ Y defined above by d f . Note that d f depends on the constant C, but the equivalence
Proof. Let C satisfy
Recall that
Fix ε > 0, and let (2), we see that
On the other hand,
for anyx ∈ X, y,ỹ ∈ Y , hence taking infimum for the right-hand side, we obtain that
Thus, by Lemma 3.
. As a corollary, we get the following statement. Note that in M we may compose also partial almost isometries, even if the range of the first one and the domain of the second one are disjoint.
Case Y = X
In this section we are interested in the case when Y = X (with the same metric). In this case there is a special metric d 0 ∈ D(X, X) defined as follows. Let Z = X × {0, 1}. To distinguish between the two copies of X in Z we shall write x for (x, 0) and x ′ for (x, 1). For 
for any x ∈ X. The latter implies that d(x, x ′ ) ≤ L. Using the triangle inequality, we get 
It remains to check that the two metrics are almost isometric. Takingx = x, we get
holds for anyx ∈ X, hence we may pass to the infimum and obtain that d( 
Proof. M d (X, X) is closed under taking products and adjoints. Proof. Let x, y, z ∈ X. We write x ′ (resp. x ′′ ) for x in the second (resp. the third) copy of X. Then 
